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EFFECTS OF GRADIENT OF POLARIZATION ON
STRESS-CONCENTRATION AT A CYLINDRICAL HOLE

IN AN ELASTIC DIELECTRIC

P. F. Gou

Department of Mechanical Engineering, Polytechnic Institute of Brooklyn,
333 Jay Street, Brooklyn, New York II201

Abstract-The solution of the problem of a cylindrical hole in a field of longitudinal tension is found in the linear
theory ofelastic dielectrics in which the potential energy density of deformation and polarization depends on the
gradient of the polarization as well as on the strain and on the polarization itself. The stress-concentration factor
at the surface of the cylindrical hole is found.

1. INTRODUCTION

IN THIS paper a boundary-value problem is solved within the framework of Mindlin's [IJ
theory of elastic dielectrics with polarization gradient.

In the following section, the field equations and the stress functions [2J analogous to the
Papkovitch's functions of classical elasticity are presented. In the third section, the stress
functions are applied to solve the boundary-value problem for the stress concentration at a
cylindrical hole in a medium of infinite extent subject to a longitudinal tension. It is found
that the stress-concentration factor depends upon the radius of the cylindrical hole, three
length properties of the material, Poisson's ratio, two Poisson-like ratio and the reciprocal
dielectric susceptibility. In the fourth section, the behavior of stress concentration factor
is examined by employing the asymptotic representation for the modified Bessel functions.
There is a certain range of material properties for which the stress-concentration factor is
higher than the constant value 3 obtained by using the classical theory of elasticity.

2. FIELD EQUATIONS AND GENERAL SOLUTION

The field equations for the linear theory ofan elastic dielectric with polarization gradient
have been presented by Mindlin [IJ and are reproduced here for convenience.

Let the body occupy a region V, whose boundary S separates it from a vacuum V'.
In the absence of an external body force and an external electric field the "displacement"
equations of equilibrium in vector forms are

d44V2U+(d12 +d44)VV. U+(b44 +bdV2P+(b 12 +b44 -bdVV. P-aP- Vcp = ° (2.1b)

-eoV 2cp+V. P = 0, in V (2.1c)
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in V'. (2.1d)
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The boundary conditions for a free surface are

n, t 0

n,E = 0

n,(-eo[VqJ)+P) = o.

(2,2a!

12.2b)

(2.2cl

In the above equations, 1: is the stress, E is derivable from the energy density ofdeforma­
tion and polarization W (i.e. Eij = oW/oPj ), qJ is the potential of the Maxwell self-field.
P is the polarization, eo is the permittivity of a vacuum, n is the unit outward normaL
[Vip) is the jump in Vip across S,

For an isotropic and centrosymmetric material, the energy density W of deformation
and polarization is given by

W = boP ·+-zl..aPP+-z
1b1ZP.p, +-zl(b44 +b77 )P. .p. ·+-zl(b44 -b..,..,)P. P .

1,1. t l I.' }.J . - J.t .1.1 ,I ).t l~j

where

. _ ~(()Uj t,',U i )'
eij -.., .::l +..,

~ UXi cXj

in which uj is the displacement. Then the constitutive relations are

(2.3)

(2.4)

-E.
J

oW
-=aP,
oP. J'

.I

~;. = b12b jjPk.k + (b44 +bn)Pj,i +(b44 - b77)IL+d12bijekk +2d44Cij +b(Aj
.J,l

{2,51

(2.6)

(2,71

Schwartz has shown (2) that any solution {u, P, ip i of the displacement equations of
equilibrium in a region V bounded by a surface S, can be expressed as

(2.8)

P = a-lc44(kz-kl)VV .B+l::oVqJ-a-l(l +a.,o)(l I~V2)VqJ+K-I~VV. K (2.9)

provided that B, Bo, K and qJ satisfy in V, the equations

V 2 Bo 0

{1 I~V2)K = 0

(1-I~V2)V2qJ 0

\2,1Oa)

(2, LOb)

(2,1Oc)

(2,lOd)
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where r is the position vector, and

rx = (c12 +C44)/(C12 + 2C44) = !(l- v)

k 1 = (d 12 +2d44)/(C 12 + 2C44)

k 2 = d44/C44

Ii = so(l+aso)-I[(b12+2b44)-Kl(d12+2d44)]

I~ = a- 1[(b44 +bd-K2d44J.

(2.11a)

(2.11b)

(2.11c)

(2.11d)

(2. 11e)

Each of the parameters II and 12 has the dimension oflength.
In the cylindrical coordinate system r, e, Z, in a state of plane strain, the vector displace­

ment u and the vector polarization P may be written as

(2.12)

and

(2.13)

respectively, where er and ee are unit vectors positive in the directions r, e increasing and
u" Ue, Pr and Pe are functions of rand e.

The components of strain dyadic t, in plane strain, are

(2.14)

According to equations (2.6) and (2.7), the constitutive relations, in cylindrical coordinate,
are

_ d (~OPr _ Pe aPe) (~ OUr _ Ue OU e)
're - 44 r oe r+ or +C44 r oe r+ or '

(2.15a)

(2.15b)

(2.15c)

(2.15d)

(2.15e)

(2.15£)
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3. SOLUTION BY MEANS OF STRESS FUNCTIONS

In cylindrical coordinates r, 0, 2 a stress-field of simple tension, 7: in the plane of rand
is given by

[n } T( I +cos 20)

[00 =}TO cos 20)

(3.1a l

(3.lbl

We wish to add a stress field which will produce a free surface at r = R and vanish at infinity.
From equations (3.1), the conditions which the additional field must satisfy on r = Rare

(3.2al

"Ire = }T sin 20 (3.2b)

(3.2ei

CUd)

For the addition field, we take the stress functions B, Bo, K and q> to be of the form

B = B(r,O)ex '

Bo = Bo(r, 0),

K K(r,O)ex '

By = B= 0

q> = q>(r, 0)

(3.3a)

(3.3b)

(3.3c)

For B, Bo, K and q> we take

(3.4c)

(3.4b)

(3.4a)

(3.4d)

B = A I r - I cos (}

Bo = A 3 10g r+ A4 r- zcos 20

K= AzKl(~) cos 0

({J = AsKo (E) + A6 K z(ncos 20+ A 7r- z cos 20

where Ko(r/l 1), KI(r/lz) and K z(r/l 1) are the modified Bessel functions of the second kind
of orders zero, one and two respectively. It may be verified that these functions satisfy
equations (2.10) and give displacements and stresses that vanish at infinity.

In terms ofstress functions given in equations (3.3), the components ofdisplacement and
polarization can be written as

'k -1· k k fl~ k -1 )/Zt""1z(Dq» k ( () (z Dt""1 K')+( za + 'zl>o- 180r::;- z(a +80 IV ~ -'2 Kcos - Z:l.v,
ur (.r vi

(3.5a)
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2 a
+K cos e-12arV. K,

_ 1 1 a 1 au _1 2 2 1 aq>
Po = -0 C44(k 2 -k1>; -aJV . B)+Eo;:- ae -0 (1 +aEo)(l-/1V }~a(j

K . e 121 a
- sm - 2;:- orl' K.

Substitution of (3.4) in (3.5) gives

(3.5b)

(3.5c)

(3.5d)

(3.6d)

Ur = Alr-1_~r-1A3+AsklEOll1Kl(-2) + {A1[r;1 +2a-1k2(k2-k1)C44r-3]

+A2k212r-1K2(~) +A4ar- 3+A6k1zo1i { K 1 ( -2) +211r- 1K2(-2)]

- 2A7r- 3(k2a- 1+k2z0 -k1eo)} cos 2e (3.6a)

Uo = {Al[t(a-1)r-1+2a-1k2(k2-k1)C44r-3J+A2k2GKl(~) +12r-lK2(~)]

+ A4ar- 3+2A6k1zOr- 1K2(-2) - 2A7r- 3(k2a- 1+k2eo- k2EO)} sin 2e, (3.6b)

Pr = -Aseoli1Kl(i) + {-2Alr-3a-1(k2-kl)C44-A212r-lK2(~)

- Aseoli1K1 (-2) - A6z01i { K 1(-2) +211r- 1K 2(-2)] +2A7r- 3a- 1
} cos 20, (3.6c)

Po = {- 2A 1r-
3
a-

1
(k2- ktlC44 - Az[~Kl (~) + 12r- 1K2(~)]

-2A6 eOr- 1K2+2A7a- 1r- 3} sin 20.
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(3.7a)vok 1)1""" 4} cos
J

Using the constitutive relations, we obtain the stress tensor !ij and Eij that appear in
the boundary conditions:

!rr = - A Ic44r-"z + A3ac44r-z - 2Aslio1i I(k! -kz)c44r- IK I(f)
+ {-2AlaC44r~"Z'~6A4aC44r-4"t'2A6eoll I(k! -k2 )C44

x [ 6l!r- 2 Kz(iJ + r' 1K! (f)]+, "",r>~<"A AIL<

1"0 = {

-12A7Do(kl -kZ)C44t"4} sin 20, (3.7bl

=A tc44[121&{kz )1"-z-{k 1 +2akz}]r""z cos 28-A!d441""" 2 +aA3d441' 1.

2-1["" (I") 1 ,("I")"J 4-2Aza1or .. K! T; +3r IzK 2 i~ "-6A4ad441' cos 20

+A{O +m;o)KoU) +2aeol~li IK 1(f)] +A6{O +aVo)Kz(£) +2asolj"

x [r- II I K I U) +6r zlfKz(f)~ncos2() 12A7[(1 +aeo)15 +aeolDr"4 cos 20 (3.7c)

E(tll} = t(Eto + Eor) = {A ad44r- z+ 12(b44 -kzd44)C44(kz- kl)a""

+ Az(b44 kzd44{ 61z/'"zKz(~) +1'"1K1(£) IK z(£)] -6A4xd4..r L

+4A 6 s0(b44 k!d44)[li'!K I(f) + 31'" I KzUJ}" 1

(3.7d)

(3.8a)
2

Elrel = 1 -Eor) = ~Azb7712!Kz(~). (3.7e)

Substituting equations (3.7) in equations (3.2), equating coefficients oflike functions of8,
we obtain a set of seven linear algebraic equations in the unknown constants AI' A z, ... , A7 ·

T

(3.Sb)

T
2

(3.Sc)
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(3.8d)

(3.8e)

(3.8f)

(3.8g)

In which

g36 = -2kzllJ-1(16-1~{6R-2K2(~) +111R-1Kl(~)J

g37 = -121J-lkzl(l6-1DR-4 = gS7

g41 = 12(k2-kl)c4416R-4-[(kl-k2)+2etk2]c44R-2

g42 = 2aI6R-l(Kl +312R- 1K 2)

g46 = (1+1J-1)K2(~) +21J-11~[6R-2K2(~) +111R-1Kl(~)J

g47 = -1216R-4-121J-l(l6-1DR-4 = g67

(3.9)
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I~ == u l (b44

Ii = a'·to +1/f l{(b lz +2b44)-kl(dlZ +2d44)],

[~ = a 1(b44 +b i - kAlA)'

I~ = a 1(b44 ·- k1£i44 1,

f/ 1 (/[;0'

(3.10)

The solution of the seven equations is

TR 2

I -MN ,),
iXC44

A z = 0,

(3.lla)

Ub,

2(1

-k],MT,

k,TR 4 . (k-k )TR 4
-~1+ )M N.,) + ..:_~ l. .-( I
481~ -.' 24Cl15

where

lVo = (I +'1 I)Ko(~) +211-115[11R I Kl(~)'

N 1 = 2'1- 1(/~ -15)/;-1 R- 1K 1 ( 7).
\ 1

(3.lIdl

(3.1 Ie)

(3.1 i g)

Nz = (1 +11-1)K2(~) -21] 11~11IR-IKI(0),

N J = (1 +11- 1) K]. (~) + 12rr 11~R- 2 K 2 (~-) +211- 1/~ IIIR- 1K 1 (n
M = ~~-- kz ~.cd\:2 .... __.

(k 1 - k 2 + cxk2)N 1 - aN2 k 2

12(;)

J2d)

(3.12e)
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Substituting equations (3.6) in the constitutive relations, we get the circumferential
component of stress:

ree = AIC44r-2-A3iXC44r-2 +6A4iXC44r~4 cos 28+2Ascoljlc44(kl -k2)

x [r-IKI(~) +ljIKo(n] +2A6cOC44(kl-k2)

T+ 12A 7 k2 II] -I(I~ -lnr~4 cos 28+2(l-cos 28). (3.13)

The maximum value ofree at the surface of the hole occurs at 8 = ±rr/2. We find

F = [reeJmax = 3 + bok2I {N _ 21] - I(I~ -In[K (~) +!.! K (~)]
C T TN 0 I I~ I II R I II

I] - I 2 2 [ 2 (R) 1+MN I - 2 -(}0-13 ) 3MR- K 2 T; +gl]"(l+2MN3 )

- k2~kl(1+1216R-2)(l-MNI)] +1]-1(l6-;1~)[Ko(~) +!.!KI(~)]
4iXlok2 Noll II R II

+ 2MI]- ;il~ -I~) {K2(m +~[6~K2( 0) +K I (0)]}
+ 1]-1(16-ln[~+~MN _(k2-kl )(l+1212R- 2)(1_MN)] (3.14)

16 4 2 3 2iXk2 0 I .

The quantity Fe> so defined, is the stress concentration factor.

4. STRESS-CONCENTRATION FACTOR

The result of the previous section shows that the stress concentration factor Fe depends
upon the radius of the hole, three length properties of the material 10, II and 13 , Poisson's
ratio v, electromechanical coupling factors kl and k 2 , and the reciprocal dielectric suscep­
tibility I] -I. The present continuum theory is concerned only with macroscopic cylindrical
hole and since 10, II and 13are of the order of magnitude of the interatomic distances so that,
in the domain ofvalidity of the continuum hypothesis, R/lo, R/I I and R/13are large numbers.
After making use of the asymptotic representation (rr/2x)+ e-X for the Bessel function
Kn(X) [3J, we get stress concentration factor

where

F = [reeJr=R,e=±rr/2 = 3+ f o+f
e TTl (4.1 a)

fo =
2bo(c44d11 -c11 d44)

b11 cII -dit (4.1b)
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and

i4.1c)II =
d44(C44dl i Cll d 44 )

('44(h 11 C Il -- 1)

Thus, if the constants bo, d l2 and d44 , the coefficients associated with terms involving
the product of polarization gradient and strain in the energy density are neglected, the
second and third terms in equation (4.1) are zero and the stress-concentration factor reduces
to the usual value 3 [4). The second term in equation (4.1) is the concomitant stress arising
from the surface energy at free surface given by Mindlin [I). According to the values given
by Askar et ai. [5J the coefficient /0 is positive and of the same order of magnitude as ell'

the elastic stiffness of the material. This term represents the interaction of the applied stress
and surface energy. By the requirement that the energy density W must be positive definite.
it can be shown that

(4.2)

and
d44 < O.

Thus the third term is always positive. Coupling the solutions for three simple problems of
homogeneous deformation, viz. simple tension, hydrostatic pressure, and shear with the
conditions for positive definiteness of the potential energy density, the appropriate range
for /1 is 0 < /1 < . Within this range, the classical stress concentration factor is about
10 per cent less that that given by (4.1), even though the surface energy effect is neglected.
It appears that the fracture strength and the onset of static yielding on some dielectric
materials in the presence of stress concentration may occur at lower loads than might be
expected on the basis of stress concentration factors calculated from the classical theory of
elasticity.
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A6cTpaKT-.L\.aeTcH peweHHe ,a)J.a'lH l.\HllHHJlpH'IeCKOrO OTBepcTU51 B noma np0.L\OJIbHOrO paCTlDKeHH51, B

paMKax J1IlHeJiHoli TeopHl1 ynpymx )J.lf3JleKTpHKOB. B )TIlX .IJ.H3ileKTpHKax, nOTeHIlH51ilhHa51 3HepnHl
TIjIOTHOCTIl .n.e<jJopMaI.\HIl H nOjIlIpH,aI.\HH ,aBl1CIlT KaK OT rpa.n.HeHTa nOjIlIpH3allHH, TaK I! OT caMol!
.n.e<jJopMaI.\IiI! Ii TIOjI51plnaUHIl.

L!:aeTclI Ko3ljIqmllHeHTa KOHlIeHTpallHH Hanp51lKeHHl! Ha TIOBepXHpcHI lIHJ1IlHJ1pH'IeCKorO oTBepCTH51.


